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REDUCED I m -COHOMOLOGY OF SOME TWISTED 

PRODUCTS 
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Abstract. Vanishing results for reduced L P)(? - cohomology are established in 
the case of twisted products, which are a generalization of warped products. 
Only the case q < p is considered. This is an extension of some results by 
Gol'dshtein, Kuz'minov and Shvedov about the L p -cohomology of warped 
cylinders. One of the main observations is the vanishing of the “middle¬ 
dimensional” cohomology for a large class of manifolds. 
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1. Introduction 

The L q p-cohomology p (M) of a Riemannian manifold (M,g) is defined to be 
the quotient of the space of closed p-integrable differential forms by the exterior 
differentials of g-integrable forms. The quotient space of H^ p (M) by the closure of 

_ k 

zero is called the reduced L qp -cohomology H q (M). 

In [5J, Gol'dshtein and Troyanov established some nonvanishing results for the 

reduced L g , p -cohomology H q p (M) of M in the case of simply-connected complete 
manifolds with negative curvature. They obtained sufficient conditions for the non- 
vanishing of the space H qp (M ) when M is a Cartan-Hadamard manifold (that is, 
a complete simply-connected Riemannian manifold of nonpositive sectional curva¬ 
ture). Every Cartan-Hadamard manifold is bi-Lipschitz equivalent to a so-called 
twisted product outside any geodesic ball. 

A twisted product X x^Y of two Riemannian manifolds (A -,gx) and (Y,gy) is 
the direct product manifold X x g Y endowed with a Riemannian metric of the form 

g := g x + h 2 (x,y)g Y , (1.1) 

where h : X xY —>- R is a smooth positive function (see 0)- If X is a half-interval 
[a, b[ then the twisted product X X/,7 is called a twisted cylinder. 

We refer to an ro-dimensional Riemannian manifold ( M,gM ) as an asymptotic 
twisted product (respectively, as an asymptotic twisted cylinder ) if, outside an Tri¬ 
dimensional compact submanifold, it is bi-Lipschitz equivalent to a twisted product 
(respectively, to a twisted cylinder). A Cartan-Hadamard manifold is an asymp¬ 
totic twisted cylinder of this type. Other examples are manifolds with flat ends, 
manifolds with cuspidal singularities etc. 


The second-named author was partially supported by the State Maintenance Program for 
the Leading Scientific Schools and Junior Scientists of the Russian Federation (Grant NSh- 
2263.2014.1). 
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In this paper, we prove some vanishing results for the (reduced) L g , p -cohomology 
of twisted cylinders [a, b) Xh TV for a positive smooth function h : [a, b) x TV —>• R in 
the case where the base TV is a closed manifold and p > q > 1. 

If in m the function h depends only on x then we obtain the familiar notion 
of a warped product (see [I]). Twisted products were the object of recent inves¬ 
tigations m m in mm m- The reduced L g p -cohomology of warped cylinders 
[a, 6) Xh TV, i.e., of product manifolds [a, 6) x TV endowed with a warped product 
metric 

g = dt 2 + h 2 (t)g N , 

where gw is the Riemannian metric of TV and h : [a, b) —> K. is a positive smooth 
function, was studied by Gol'dshtein, Kuz'minov, and Shvedov [7], Kuz'minov and 
Shvedov [H D3] (for p = q), and Kopylov [TS] for p, q € [1, oo), | ± < dim ]y +1 . 

The main results of this paper are technical. Here we mention a “universal” 
consequence of the main results on the vanishing of the “middle-dimensional” co¬ 
homology: 

Let TV be a closed smooth n-dimensional Riemannian manifold. If p > q > 1, 
b = oo, and ^ is an integer, then H p p ([ 0, oo) Xh TV) = 0. 

In particular, if 1 < q < 2 and n is even then H q 2 ([0, oo) Xh TV) = 0. 

The result was not known even for L 2 -cohomology. It does not depend on 
the type of the warped Riemannian metric. Of course, the result leads to the van¬ 
ishing of the “middle-dimensional” cohomology for asymptotic twisted cylinders. 

For Cartan-Hadamard manifolds, the main results imply: 

Let (AI,g) be an m-dimensional Cartan-Hadamard manifold (that is, a complete 
simply-connected Riemannian manifold of nonpositive sectional curvature) with sec¬ 
tional curvature K < —1 and Ricci curvature Ric > — (1 + e) 2 (m — 1). If p > q > 1 

and is an integer then H q p (I M,g) = 0. 

In particular, 

_ m—1 | x 

• if 1 < q < 2 and m is odd then H \ (M, g) = 0; 

_ m — l . 1 _ m-1 

• if p > 1 and is an integer then H p p ( M , g) = H p f (M, g) = 0; 

_ m-l _ m+1 

• if m is odd then H 2 2 ( M,g ) = H 2 2 (M,g) = 0. 

2. Basic Definitions 

In this section, we recall the main definitions and notations. 

In what follows, we tacitly assume all manifolds to be oriented. 

Let M be a smooth Riemannian manifold. Denote by V k (M) := Cq°(M, A k ) the 
space of all smooth differential fc-forms with compact support contained in M \ dM 
and designate as Lj oc (M, A k ) the space of locally integrable differential forms. De¬ 
note by L P (M, A fc ) the Banach space of locally integrable differential k -forms en- 

1 _ 

dowed with the norm \\9\\ L P(M,A k ) '■= (/ M |0 \ p dx) p < oo (as usual, we identify 
forms coinciding outside a set of measure zero). 

Definition 2.1. We call a differential (k + l)-form 9 € Lj oc (M, A fc+1 ) the weak 
exterior derivative (or differential) of a differential A:-form <f> £ L] oc (M,A k ) and 
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write d(f> = 9 if 


for any w G V n k (M). 


9 A u> = (—1) 


fc+i 




IM 


A dbJ 


Remark 2.2. Note that the orientability of M is not substantial since one may take 
integrals over orientable domains on M instead of integrals over M. 

We then introduce an analog of Sobolev spaces for differential /c-forms, the space 
of g-integrable forms with p-integrable weak exterior derivative: 

nJ iP (M) = {w G L\M,A k ) | du G L P (M, A fe+1 )} , 


This is a Banach space for the graph norm 





2 

L«(M, A fc ) 


||& 


lLP(M,A fc + 1 ) 


1/2 


The space Q qp (M) is a reflexive Banach space for any 1 < q 7 p < oo. This can be 
proved using standard arguments of functional analysis. 


Denote by f l k 0 (M) the closure of V k (M) in the norm of Cl qp (M). We now 
define our basic ingredients (for three parameters r, q,p). 


Definition 2.3. Put 

(a) Z p r (M) = Ker[d : fi* r (M) -»• L r (M, A fc+1 )]. 

(b) B k p (M) = Im [d : n k ~\M) -»■ L P (M, A fe )]. 

Lemma 2.4. The subspace Z p r (M) does not depend on r and is a closed subspace 
in L P (M, A k ). 

Proof. The lemma is in fact EB Lemma 2.4 (i)]. However, we now repeat the proof 
for the reader’s convenience. Note that Z pr (M) is a closed subspace in f l pr (M) 
because it is the kernel of the bounded operator d. It is also a closed subspace of 
L p (M,A k ) since |H|n£ r(M ) = \\a\\ L p {M ,Ak) for any a G Z k r (M). □ 

This allows us to use the notation Z k (M) for all Z pr (M). Note that Z p (M) C 

L p (M,A k ) is always a closed subspace but this is in general not true for B k p (AI). 

_^ 

Denote by B (M) its closure in the L p -topology. Observe also that since dod = 0, 
one has B k qp {M) C Z k (M). Thus, 

B k q jM ) c B k q JM) c Z k (M) = Z k p (M) C L p (M,A k ). 

Definition 2.5. Suppose that 1 < p,q < oo. The L qj) -cohomology of ( M,g) is 
defined as the quotient 

H k p (M) := Z k (M)/B q p (M ), 

and the reduced L qtP -cohomology of (M,g) is, by definition, the space 

Kp ( M ) : = Z k (M)/Bl p (M) . 

Since B p q is not always closed, the L g! p-cohomology is in general a (non-Haus- 
dorff) semi-normed space, while the reduced L g , p -cohomology is a Banach space. 
Considering only the forms equal to zero on some neighborhood (depending on the 
form) of a subset A C M and taking closures in the corresponding spaces, we obtain 
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the definition of the relative spaces L P {M,A, A fe ) and Q q . p (M, A) and the relative 

_ fc 

nonreduced and reduced cohomology spaces H q (M, A) and H qp {M, A). 

Similarly, one can define the L giP -cohomology with compact support (interior 
cohomology) H* 0 (M, A) and H qp . 0 (M,A). The interior reduced cohomology is 
dual to the reduced cohomology: 

Theorem 2.6. [10] Let (M,g) be an oriented n-dimensional Riemannian manifold. 
If 1 < p, q < oo then H qp (M) is isomorphic to the dual of H p/q , ]0 (M), where 



_ 

Therefore, if M is complete then H p (M) = H p . 0 (M) and H p (M) is isomorphic 

to dual of H p , k (M), where ^ + ^7 = 1 [ID] , 

Below \X\ stands for the volume of a Riemannian manifold (X,g). 

3. L 9iP -Cohomology and Smooth Forms 

It follows from the results of [ 8 ] that, under suitable assumptions on p, q, the 
Tq.p-cohomology of a Riemannian manifold can be expressed in terms of smooth 
forms. 

Introduce the notations: 

C°°L P (M, A fc ) := A k ) n L P (M, A fc ); 

C°°fl q p (M) := C°°(M, A k ) n 


Theorem 3.1. (51 Theorem 12.8 and Corollary 12.9]. Let (M , g) be an m-dimensional 
Riemannian manifold and suppose that p,q G (l,oo) satisfy 1 ^ Then the 

cohomology H* p (M) can be represented by smooth forms. 

More precisely, any closed form in Z p (M) is cohomologous to a smooth form in 
L P (M). Furthermore, if two smooth closed forms a, /3 G C°°(M) n Z p (M) are co¬ 
homologous modulo dLl q i p 1 (M) then they are cohomologous modulo dC°°fl q ~ 1 (M). 

Similarly, any reduced cohomology class can be represented by a smooth form. 

In what follows, unless otherwise specified, we always assume that p,q G ( 1 , 00) 
and - — - < .. 1 ... . 

p q — dim M 

4. The Homotopy Operator 

From now on, C^ b N is the twisted cylinder I Xh N, that is, the product of a 
half-interval / := [a, b) and a closed smooth n-dimensional Riemannian manifold 
(IV, < 7 jv) equipped with the Riemannian metric dt 2 + h 2 (t, x)gw, where h : IxN —> K 
is a smooth positive function. 

Every differential form on IxN admits a unique representation of the form 
lo = u>a + dt A u>b, where the forms to a and ub do not contain dt (cf. ]7]). It 
means that uja and u>b can be viewed as one-parameter families u>A(t) and wb(1 ), 
t G I, of differential forms on N. Given a form ui defined on / x N and numbers 
c,t G [a, b), consider the form = f* u>B{r)dT on N and the form S c u> on 

[a, b) x N, ( S c aj){t ) = Jl w for all t G [a, b). The domains of of these operators will 
be specified below. 
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The modulus of a form u of degree k on C k b N is expressed via the moduli of 
oj A {t) and oJsit) on N as follows: 

\u{t,x)\ M = [h~ 2k (t,x)\u] A (t,x)\ 2 N + h~^ k+1 ’ ) (t,x)\u B (t,x)\x] 1/2 (4.1) 

Consequently, 


w llLP(Cj |i ,IV,A fc ) 

[ f (h 2( p~ k '>(t,x)\u} A (t,x)\ 2 N + h 2 ^~ k+1 \t,x)\u B {tiX)\ 2 N ydxdt 

Ja JN 


■ (4-2) 


In the particular case of u> = u) A , call the form cu horizontal. If w is a horizontal 
form then 

i /p 

(4.3) 


M 


LP ( G a b N ’ Ak ) 


[ [ \u>(t)\ p h n - kp (t,x)dxdt 
Ja J N 


Put 

and 


fk, P {t) = min { ft, p k {t,x)\ 

x£N 


F k,p(t) = max{/ip k (t,x)\. 

x£N 


Remark 4.1. (1) Suppose that k = ^ is an integer. Then F n / pp (t) = f n / P , P {t) = 1- 
For example, if n is even and p = 2 then F n / 2} 2 (t) = /n/ 2 , 2 ^) = 1- 

(2) For warped products [h depends only on x), fk, P (t) = Fk, p (t) = h~p~ k (t). 
Let 

7r : I x TV —»• N, n(t, x) = x 

be the natural projection. For c € [a, b), put N c := {c} x N. Let i t : N —>• N t C 
[a, b) x N and i c : N —> N c C [a, b) x N be the natural immersions. 

Every smooth fc-form u> on C k b N satisfies the homotopy relations 

+ f dui = — z*w, (4-4) 

J C 

dS c u> + S c du> = u> — 7 r*i*w. (4-5) 



Here djv stands for the exterior derivative on N and d designates the exterior 
derivative on [a, b) x N. 

The homotopy relations cannot be used automatically for oj £ (C% b N) be¬ 

cause of the problem of the existence of traces on submanifolds. However, by 
Theorem 13. II we can take only smooth forms in all considerations concerning both 
reduced and nonreduced L 9 , p -cohomology. 

For the reader’s convenience, we repeat the classical proofs of (14.41) and (14.51) . 

Using the representation oj = uj a + dt A ujb, we have 


a 

duj = d(ui A (t ) + dt A = dt A —— (t) + dNW A (t) — dt A d^uiBit) 

at 

d N (/ = d N (^j u B (r)dT ^ = J d N u B (j)dT, 




d N U B {.T)dT. 
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Hence, 


d,N i^J + J dix = J dr = WA(t) - lua{c) = i* t u - i*w. 


Similarly, 


S c lo = J 0JB(T)dr; dS c oj = d ws(r)dT^ = dt Ausit) + J d]\fiUB (j~)dTj 
S c dui = J duj = J ^“^r( T )^) dr - J d N u B {r)dT. 

Therefore, 

dS c uj+S c duj = dtAuJs{t) + J (t)^ dr = diAwB(f)+w^(f) — w c {t) = u> — i* c u>. 

Lemma 4.2. Suppose that g is a function locally integrable on [a,b), 
J*\g{t)\dt = oo, and ui € C°°L k (C k b N). Then every set of full measure on 
[ a,b ) contains a sequence {tj} that converges to b and is such that g(tj ) pfi 0 and 
[|*J>I|lp(jv,a*) = °([fk, P (tj)]~ 1 \g(t j )\ 1 / p ) as j ->• 00 . 

Proof. Equality (14.31) implies: 

rb pb 

/ ll*t w ll LP(JV 
J a 

which yields the lemma. 

Lemma 4.3. Suppose that w G L k {C k b N), c € [a, b), p > q > 1. Then the form 
J* uj is defined for each t S [a, b) and belongs to L q (N, A fc ~ 1 ). Moreover, 


GA k)fl P (t)dt ^ J a J n I uj A (t)\ p h n kp {t,x)dxdt < ||w||^ p ^ „ ^ < 00, 


l ' LP (.C^ b N,A k ) 


□ 


< \N\ 


1 _ J_ 
<2 p 


fk-i. v ( T ) dT 


i/p' 


The same holds for c = b if 


Proof. By Holder’s inequality, 


f k -iJ T ) dT < °°- 


Li (N,A k ~ 1 ) 




1_1 
q p 




< \N\ 1 p 


' N 


oj B (t )dr 


LP(N, A fc -!) 

p vl/p 

dx I < \N\ 1 p 


N 


' N 


\ub(t)\n<It 


p \ 1 Ip 
dx ) 




<\N\ 


f f h-^~ k+ V P ’ (x,T)dT f \uJB(T)\ P N h n - kp + P (T,x)dT 
JN Jc Jc 

fk-i,p(T x ) dT [ \uB(r)\ p N h n ~ kp+p (T,x)dT 
Z J C 


dx 

i/p 


i/p 




1_1 
q p 


/ k-i.p( T ') d,T 


\\LP(C^ b N,A k )- 


This proves the lennna. 


□ 
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Remark 4.4. The proof shows that Lemma l4~3l actually holds in the case where N 
is not necessarily compact but has finite volume. 


5. The Main Results 


5.1. Absolute reduced L 9 P -cohomology. Using the results of the previous sec¬ 
tion, we prove 


Theorem 5.1. Let N be a closed smooth n-dimensional Riemannian manifold and 
let p > q > 1. If 

T a,b ■■= J Fk, p (t)dt = oo; Js 0 , b := fl tP {r) (^j Ff p {t)dt^j dr = oo 
for some <5o G [a, b) then H k q p (C% b N) = 0. 

Remark 5.2. The condition ll Js 0 ,b = oo for some <5o G (a, 6)” is in fact equivalent 
to “ Js 0 ,b = oo for every <5o G (a, &)”. In this connection, below we sometimes write 
Jb instead of Js 0 ,b- 


Proof. Suppose that oj G L p (Cjf b N) is weakly differentiable and doo = 0. Therefore, 
oo G Q pp (C% b N). By Theorem 13.11 we may assume that w is a smooth form. 

If Ia° fk,p( T ) (fa Fk, p (t)dtj dr = oo for S 0 G (a, b) then the function g(r) = 

fk , P ( T ) (fa K P ^ dt ) is not integrable on intervals of the form (c, b), Sq < c < b. 
By Lemma l4~2l there exists a sequence {r ? } C (Sq, b) C (a, b) such that r, —>• b and 

-i/p\ 

as j —> oo. 


Pr 3 - w llLP(AT,A fe ) 


= O 


F k, P {t)dt 


Consider the form 


I oj 


LUf = 


on [Tj,b), 
on [a, Tj). 


It is easy to verify that ujj belongs to Ll qp (C^ b N). Since doo = 0 and dni*.oo = 0, 
we have dooj = 0. 

We infer 


iip 

11 LP(C% 


,N,A k ) — 


Ff p (t)dt 


iip 

"LP{N,A k ) 


IIP 

I LP(C k 


b N, A k )' 


Here C^. b N is the product manifold [r, ,b) x N endowed with the metric induced 
from C*' b N. 

Therefore, \\bJj\\^p^c h b N,A k ) —> 0 as j —> oo; moreover, the form u> — ujj is equal 
to 0 on [rj,b) x N. Hence, S TJ (oo — ooj) G Qq,p(C% b N) and dS Tj (oo — ojj) = oj — ojj. 
Thus, the cocycle oo is zero in the reduced cohomology H (C% b N). □ 


From Remark 14.11 and Theorem 15.11 we obtain 


Theorem 5.3. Let N be a closed smooth n-dimensional Riemannian manifold. If 

_ n 

p>q>l,b = oo and 2 is an integer then H g iP (C^ t00 N) = 0. 

In particular, if 1 < q < 2 and n is even then H q ^(C^oo-^O = 0- 
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Proof. Ill this CcLSG, la, oo — Ja. ,oo = 00 , and by Theorem 15. II (7^ Z ,N) = 0. □ 

Remark 5.4. For a warped cylinder C k b N, we have /^ p (r) = F p p (r) = h n ~ kp (r). 
Therefore, if 

r b 


[ h n ~ kp {t)dt = oo 

J a 


then 


Js 0 ,b = J s h n - kp (T ) ( jT /i"- fep (t) dt) dr = [ Jf lo S (£ rfr 

= lim | log ^ jf - log ° h n ~ kp {t)dt^ | = oo, 

and the result of Theorem 15.11 coincides with the corresponding result in [7 . 

5.2. Relative reduced L q p -cohomology. Here we prove a sufficient vanishing 
condition for H^ p (C k b N,N a ), where N a = {o} x N. 

Theorem 5.5. Let N be a closed smooth n-dimensional Riemannian manifold. 
Assume that p > q > 1, 


1 1: •- 


/fc-l,p(*) dt = °°> 


and the integral 


A 


So ,b ■ — 


f b FLiJr) 

<So f P /iJr) 


f~p 

J k—l,p 


( t)dt 


log 


/fc-i.pW dt 


dr 


~rpk 


is finite for some <5o £ [a, b). Then H b N, N a ) = 0. 


Proof. Suppose that oo £ C°°fl pp (C k b N,N a ) and cko = 0. The form oo is the limit 
in VL p p {C k b N) of a sequence ooj of smooth forms each of which is equal to zero on 
some neighborhood of N a . 

As above, for a < c < d < b denote by C k d N the product [c, d) x N with 
the metric induced from C k b N. For every e £ (a, &), Lemma 14.31 implies that 
the operator S a : A pp {C k b N) —»■ is bounded. Hence, S a 0 Oj —► S a oo 

in e N). Each of the forms S a ooj vanishes on some neighborhood of N a . 

Therefore, S a oo £ N a ) for all e £ (a, b). Then the fact that i* = 0 and 

relation (14.51) give the equality dS a oj = oo. 

Consider the functions 


I ( T ) = I /fc-i, p (*) dt » ¥?(t) = log | log J(t)|; 

<Ps(t) = 


1 if t < S. 

min(l, max(l + ip(S) — <p(r), 0)) if r > <5. 


The function <p(t) is defined for t sufficiently close to b and ipg (t) also exists only 
for 6 that are sufficiently close to b. 





REDUCED L 9i p-COHOMOLOGY OF SOME TWISTED PRODUCTS 
Since d(psS a co) = dips A S a co + ipsco, it follows that 

| \d(p&S a w) — w|| LP(C£ b N,A k ) = \\d(psS a Uj) — w|| LP(C% b N,A k ) 

< \\dips A S a u\\ L p(c£ b N,A k ) + II0A5 - l) w llLP(C^ b IV,A fe )- 
Since | ips — 1| < 1, we have 

II (^5 — l) w llLP(Cj b Ar,A fe ) — ll w llLP(Cj b Af,A'=)- 
By (14.21) and Lemma T4. 31 for p = q, for S sufficiently close to b we infer 


dps 

p 

r 

/ w 

dr 


Ja 


dx dr 


N 


< / h n ~ kp+P (T,x) — P ( f f ~ P 


fk-l, P tf) dt ) dT ll W lli P (IV,A^) 


log( / f k \ p (t)dt 


dT ll^llu p (IV,A fe ) ■ 


dr 


By hypothesis, the last quantity vanishes as <5 —> b. Thus, d(ipgS a iv) -> w as 
6 —> b. The function ips is equal to zero in some neighborhood of b. Therefore, 
PsSaUJ € H k p (C k b N, N a ). This shows that H k qp (C^ b N, N a ) = 0. □ 

Remark 5.6. The paper [7] contains the following assertion for a warped cylinder 
C^ b N 13 Theorem 2]: 

If J / l -(5-fc+ 1 >p' ( t )dt < oo then H pp (C% b N, N a ) = 0. 


Suppose that J h ^ p (t)dt < oo. We infer 




h 


( T ) 


“(f-fc+Bp' 


h 


(■ t)dt 


log! / / l - ( ^- fc+1)p '(t)dt 


dr 


1 


p-l Js dr 
1 


log ( / h-^~ k+1)p \t)dt 


1 1-P 


dr 


P-1 


log ( y h fe+1 ) p (t)dt 


i-p 


0 as 6 — y b. 
if 


Thus, Theorem 15.51 generalizes this assertion to twisted cylinders C J a b N with 
N closed. 


Remark 14.11 and Theorem 15.51 imply 

Theorem 5.7. Let N be a closed smooth n-dimensional Riemannian manifold. If 
p > q > 1, b = oo, and ^ is an integer then H (C k b N, N a ) = 0. 

In particular, if 1 < q < 2 and n is even then {C a fiN, N a ) = 0. 

Proof. In this case, Ag 0 ,b = jJ o (r — a) -1 (log(r — a))~ p dr < oo for any a, b and, by 
Theorem l5.5[ H k q p (C^ t N. N n ) = 0. □ 
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6. Asymptotic Twisted Cylinders 


Definition 6.1. We refer to a pair (M,X) consisting of an ra-dimensional mani¬ 
fold M and an n-dimensional compact submanifold X with boundary as an asymp¬ 
totic twisted cylinder AC k b dX if M\X is bi-Lipschitz diffeomorphic equivalent to 
the twisted cylinder C k b dX. 

Theorem 15.51 readily implies 


Theorem 6.2. Let (M,X) = AC k b dX be an asymptotic twisted cylinder. Assume 
that p>q> 1, 

[ fk-i, P (t)dt = oo, 

J a 

and the integral 


As 0 ,b ■= 


f b FU P (r) 

JSo ft- 1 » 





-1 


log 



r-p' 

J k—l,p 



~P 


dr 


is finite for some So € (a, b). 
ThenH qp (M,X)=0. 


Proof. Note that bi-Lipschitz diffeomorphisms preserve L p and L q . Moreover, 
extension by zero gives a topological isomorphism between the relative spaces 
W r , s (Ca b dX, (dX) a ) and W r , s (M,X) for all r, s. This gives topological isomor¬ 
phisms 


K S (M,X) = H^C^dX, (dX) a )- H r s (M,X) - H riS (c* b d. A', (dX) a ) 
for all r, s. The theorem now follows from Theorem 15.51 □ 


Remark 6.3. In the definitions of the functions Fk- i )P and fk- i lP , n = m — 1. 

_ 

To obtain a version of this theorem for H q p (M), we will need the exact sequences 
of a pair for L giP -cohomology. 


Recall that an exact sequence 


( 6 . 1 ) 


of cochain complexes of vector spaces is called an exact sequence of Banach com¬ 
plexes if A, B , C are Banach complexes and all mappings < p k , ip k are bounded linear 
operators. 

A short exact sequence (KTT1) of Banach complexes induces an exact sequence in 
cohomology 

H^iC) H k (A) ^ H k (B) H k {C) —► ... 


with all operators d , (p*, ip* bounded and a sequence in reduced cohomology 


H k \C) H k (A ) H k (B) ^X H k {C) 


( 6 . 2 ) 


where all operators d 7 Tp* , ip are bounded and the composition of any two con¬ 
secutive morpliisms is equal to zero. Sequence (16.21) is in general not exact but 
exactness at its particular terms can be guaranteed by some additional assump¬ 
tions. For example, we have (see [7] Theorem 1 (1)]): 
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Proposition 6.4. Given an exact sequence (EH) of Banach complexes, if 
H k (C) o = 0 and dim d k ~ 1 (H k ~ 1 (C)) < oo then the sequence 

H k ~\c) H k (A) H k (B) H k (C) 

is exact. 

Let (M,X) = AC k b dX be an asymptotic twisted cylinder. 

Consider the short exact sequence of Banach complexes 

0 -s- C°°Clp(M, X) X C°°n P (M) X C°°fl P (X) -»■ 0. (6.3) 

In all the three complexes of (16.311 . 


C 00 ^ = 


i is the natural embedding, and j is the restriction of forms. The cohomology of 
C°°np(X) is simply the de Rham cohomology of X. 

Theorem 6.5. Let (M,X) = AC k b dX be an asymptotic twisted cylinder. Assume 
that p> q > 1, H k (X ) = 0, 

r b 

p—n' / ,\ i. 

OO 


c°°n q , q 

if q < k — 1 

c°°n q , p 

II 

iT 

r y °°o 

a L P,P 

if q > k + 1 


and the integral 


A 


S 0 ,b ’■ — 


r b CiJt) 


fk- i, P (*)<** = 


fk- 


log 


/fc-i.pW dt 


dr 


'*> fkXJX 

is finite for some <5o G ( a , b). 

Then H k q X M ) = 0. 

Proof. Using Theorem 13.11 and Proposition 16.41 we obtain the exact sequence of 
reduced cohomology spaces 


0 


H q ,p(M,X) —>■ H (M) 


0. 


(6.4) 


By Theorem 16.21 H qp (M,X) = 0 if p > q > 1, f k ff 1 p [t)dt = oo, and 
A§ o b < oo for some <5o G (a, b). Hence, H qp (M) = 0. □ 

Theorem 15.71 and the exact sequence (16.41) readily imply 
Theorem 6.6. Let (M,X) = AC k b dX be an asymptotic twisted cylinder with 
dimJT = n. If p > q > 1, ^ is an integer, and Hp( X) = Hp +1 (X) = 0 then 

HlX(M) = 0. 

In particular, if 1 < q < 2, n is even, and H~i(X) = H^ +1 (X) = 0 then 

h^JXm) = 0. 

Using the duality theorem (Theorem 12.61) . we now reformulate this result for 
cohomology with compact support (interior cohomology). By the classical Poincare 
duality, H*{X) = H n ~p(X) = HP(X) and Hp +1 (X) = H n ~p-\X) = HP~ 1 {X) 
(where ^ ^ = 1). If p > q > 1 then q’ > p’ > 1. 


Theorem 16.61 and Theorem 12.61 immediately imply 
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Theorem 6.7. Let (M,X) = AC k b dX be an asymptotic twisted cylinder with 
dimX = n. If q > p > 1, ^ is an integer, and Hp~ 1 (X) = H~?(X) = 0 then 

HLo(M) = 0. 

In particular, if q>2, n is even, and H^~ 1 (X) = H^{X) = 0 then H 2 q . o (M) = 0. 

J‘ _ fc 

Recall that if a manifold Y is complete then H p (Y) = H p . 0 (Y). We have 

Corollary 6.8. Let (M,X) = AC k b dX be an asymptotic twisted cylinder with 
dim X = n and let M be a complete manifold. 

If p > 1, j is an integer, and H~p(X) = H~p +1 {X) = 0 then H F+1 (M) = 

Hf, ( M) = 0 . 

In particular, if n is even and H%(X) = H% +1 (X) = 0 then H 2 (M) = 

h! + \m) = 0. 

Suppose that (M, g ) is an m-dimensional Cartan-Hadamard manifold with sec¬ 
tional curvature K < —1 and Ricci curvature Ric > —(1 + e) 2 (m — 1) and B is 
a unit closed geodesic ball in (M,g). Then, as was observed in the proof of [9] 
Lemma 3.1], the pair ( M,B ) is an asymptotic twisted cylinder endowed with the 
Riemannian metric 

g = dr 2 + g r . 

Here g r is a Riemannian metric on the sphere {r} x S m_1 . Since B is a topological 
ball, H k (B) = 0 for any k = 1, 2,..., to. Theorem 16.61 gives: 

Proposition 6.9. Let (AI,g) be an m-dimensional Cartan-Hadamard manifold 
(that is, a complete simply-connected Riemannian manifold of nonpositive sectional 
curvature) with sectional curvature K< —1 and Ricci curvature Ric>— (l + e) 2 (ro — 1). 

If P> Q > 1 and is an integer then H q p ( M , g) = 0. 

In particular, 

- 771-1 | 1 

• if 1 < q < 2 and m is odd then H q \ (M, g) = 0; 

_mzl M _ za=l 

• if p > 1 and is an integer then H p F ( M,g) = H p f ( M,g ) = 0; 

_ m-l _ m+l 

• if to is odd then H 2 2 ( M,g ) = H 2 2 ( M,g ) = 0. 

7. Examples 

Let us consider some examples. Unfortunately, our methods only make it possible 
to make conclusions mainly about warped cylinders and not about twisted cylinders. 
Below the symbols C, C\, C -2 stand for positive constants. 

Proposition 7.1. Suppose that a > 0, b = oo, and Cie Slt < h{t,x) < C 2 e S2 * 
(.S '2 > Si >0). Then 

(1) H q piC^ocN) = 0 in each of the following cases: 

(la) p>q>l,k=2; 

(lb) p>q>l,S!=S 2 ,k< ^; 

(2) H q p {C(f t00 N, N a ) = 0 in each of the following cases: 

(2a) p>q>l,k=2 + l; 

(2b)p>q> 1, *>2 + 1 + ^-. 


REDUCED L„ ,,-COHOMOLOGY OF SOME TWISTED PRODUCTS 


13 


Proof. (1) Assume first that n — kp > 0. 

We have 

/-•OO 

I= F kp( f ) dt = 

Jo 

the integral Jo,oo is infinite if so is the integral 

/*OC 

/ g—(S2 —si )(n.-kp)t^ 

Jo 

We infer 


[ e S2{n - kp) dt = C 1 e S2{n ~ kp)T -C 

Jo 


Further, 


g-(s 2 -si ){n-kp)T^ T 


is infinite if (si — S 2 ){n — kp) > 0. This leads to si = S 2 - 
The case oip>q>l 1 k = ^ stems from Theorem 15.31 
(2) Item (2a) immediately follows from Theorem 15.71 
Consider case (2b). Since k > ^ + 1, we have ( k — 1 )p — n > 0. Then 


7q,oo — 


fk-i.piWt = °°. 


Fix Sq > 0 so that / 0 °° f k JJ x p {t)dt > 1. The integrand in Ag 0}OO is at most some 
function y(r) which, as r —> oo, is equivalent to 

(j e {s 2 -s 1 ){(k-l)p-n)T T -s 1 ((k-l)p-n)p / 

and the integral from Sq to oo of this expression is finite if and only if si = S 2 and 
— Si((k — 1 )p — n)p' < —1, which is sufficient for the finiteness of As 0tO o and is just 
the hypothesis of (2b). □ 


The following situation can also be considered in a straightforward manner with 
the use of Theorems 15.31 and I5J1 

Proposition 7.2. Suppose that a > 1, b = oo, and C\t Sl < h(t,x ) < C 2 t S2 
(S 2 > Si > 0). Then 

(1) Hq^piC^ggN) is zero in each of the following cases: 

(la) p>q>l,k= 

(lb) p > q > 1, Si = s 2 , k < 

(lc) p > q > 1, Si = s 2 , * < k < 2 + 

(2) H p (C k X N , N a ) is zero in each of the following cases: 

( 2 a) p > q > l, si = 82 , j + 1 - ^ < k < £ + 1; 

(2b)p>q>l,k=2 + l; 

Remark 7.3. (1) Propositions l7.1l and l7.2l also hold for asymptotic twisted cylinders. 
(2) The results are new even for L p -cohomology [p = q). 
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